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Abstract

Some theorems are given which show when a curvature tensor is the curvature of pseudo-
metric and when this pseudo-mefric is unique. These results not only contribute to the
exact solution work done previously but also throw some light on Mach’s principle in
general relativity.

1. Introduction

The question of when solutions to Einstein’s equations exist and whether they
are unique if they do exist is of fundamental interest in general relativity. The
first approach to this problem has been to translate Einstein’s equations into
a Cauchy problem in differential equations. This method cannot answer the
question of when a given tensor is the stress-energy tensor of some space-time.

Recently Schmidt (1973) has taken a more geometrical approach to the
problem and has arrived at a first step in its solution. He found a necessary
and sufficient condition for a connection I';; to be the connection of a Lorentz
metric. In the case when this condition is satisfied he gives an explicit way of
constructing the metric from the connection. Thus he solves the existence
problem completely. The only unfortunate aspect of his construction is that
it still necessitates the solution of differential equations, namely the equations
of parallel transport in the connection. He also solves the uniqueness problem
by finding a stronger condition which is necessary and sufficient for the
Lorentz metric to be unique to within a constant multiple. Thus, he has com-
pletely solved the problem of existence and uniqueness as far as the gravitational
forces I‘f; is concerned.

We have made a further step towards an existence and uniqueness theorem
concerning stress-energy tensor by dealing with the gravitational flelds R,,k
(Ihrig, 1975a). We showed that under a certain condition on the R} ijk the g;; are
uniquely determined to within a conformal factor by the R,jk Moreover, one
can also actually construct an explicit general formula giving the g;; in terms
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of the R,{,-k. This formula involves only algebraic combinations of the R;}-k,
and no differential equations need be solved as with Schmidt’s procedure. Thus,
given the R ,-ljk, the only unknown factor left is the conformal factor.

Here we would like to consider the uniqueness of the conformal factor,

We find in Section 2 that the conformal factor is also unique as long as the
Riemann tensor satisfies a slightly stronger condition than needed before.

This result has two disadvantages, however. One is that the uniqueness theorem
is not constructive. This means one cannot write down the conformal factor
explicitly as a function of the Rfjk, but the situation is simplified in that one
can find the conformal factor as a solution to a first order linear differential
equation, Thus, this theorem together with Ihrig (19752) seems to provide

fairly well for the complete solution of the g;; in terms of the R fjk anyway.

The second disadvantage is that the extra condition needed for the uniqueness
does not have a clear geometric interpretation. This is not much of a problem

in terms of actual computation since the condition holds for almost every
space-time (the condition is generic) but the situation is unsatisfactory in so

far as one is not certain what kind of physical assumption the condition reflects.
Thus in Section 3 we give another uniqueness theorem which involves the
holonomy group instead of R,]k but does not use this extra assumption. It is
this theorem that shows what geometry is involved in determining the conformal
factor and serves to show why the technique used in Section 2 would be
expected to work.,

Besides the uniqueness theorems in Section 2 and Section 3 we find that
because the uniqueness theorems of Section 2 and Thrig (1975a) are so explicit
we can give an easy existence theorem. The theorem gives a necessary and
sufficient condition for a g1ven tensor Rf,k to be the curvature of some Lorentz
metric as long as the given R,,k satisfies two generic conditions. Since some
notation will be needed from Ihrig (1975a) in this theorem, this notation to-
gether with a key result is given in the Appendix. This will serve to make this
article relatively self-contained.

In Section 4 we would like to take some time to discuss the physical signifi-
cance of these results. It is perhaps fairly clear that the results are of interest
to physicists from the point of view of computing exact solutions and to
mathematicians from the point of view of finding when tensors are curvatures
of a connection (these results hold for Riemannian metrics as well as Lorentz
metrics). What is perhaps not so clear is that these theorems play a role in the
conceptual foundations of general relativity. They are in fact related to the
problem of making Mach’s principle compatible with relativity. We discuss
this problem in Section 4.

2. The Conformal Factor in Terms of R ,ljk

First we give a theorem that shows when the conformal factor is determined
in terms of the Riemann tensor. We start with the definition we need.

[2.1] Definition. Let R be a rank (3, 1) tensor and lei R be antisymmetric as
in [Definition 5.1]. We call R broad at m if for every vector v at m there are
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two vectors w and x at m such that R(w, x)v does not lie in the plane genera-
ted by w and x, that is

{R(w, x)v, w, x}

is linearly independent.

This condition does not have any clear geometric content; but seems to be
a fairly reasonable assumption to make on a space-time.

We are now ready to prove our theorem.

[2.2] Theorem. Let Dim{M) = 4. Let R be the Riemann tensor of a pseudo-
metric. Suppose R is broad and total [see 5.1] at every point in M. Then this
pseudo-metric is the unique pseudo-metric (to within a constant conformal
factor) that has R as its curvature. Also any constant times this pseudometric
has R as its curvature.

Proof. The last statement is easy to see since if Vg = 0 thenV (kg) = kVeg = 0,
and g has the same connection as kg.

We now suppose we have two pseudo-metrics g and g with the same curva-
ture R. Since R is total we know from [5.2] that

g=e*’g

where a is a function from M to R. We must only show « is a constant. To do
this we shall use the Bianchi identities (see Section 5 for notation):

l ! _
Ry jicin + RE njgic * Rikenyj = 0 (2.1)
H 1 1
Rijk ¥ Rj ki ¥ Rg, =0 2.2)
The first equation involves the covariant derivative of the given metric. We

use l’fj(f‘f,-) to indicate the connection derived from g;;(g;;). Rewriting (2.1)
we find

ol ! ! 1
0=R; jkin *+ Ri njikc * R tniy + ConRE jic = C,Rp i
! 1 !
+ CoRY nj — ChRp, nj + Cilvafkn — ChRp, kn (2.3)
where C}?k may be taken to be either I}ik or ffk. Now we observe that
f‘jlk — ].-}lk = a;jﬁk’ + a,k5,-’ - angnigjk (24)

Let “fk — ka = D}k. Then subtracting the previous equation when C=T" from
the same equation when C'=I" we find

0= DhuR% jic — D% Rp, jic + DpRE nj — DFRp, nj
+ DpiRE icn — DRy, kn (2.5)
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Using our expression for D in terms of @ and g; we find
0= 8’ (@nR™ i) + 85" (01 R™ 1) + 87 (04nR™ 1oy)
+ 8 (pRa, 187" + 81 (pR, mig™) + 8,0y R % &™)
(2.6)

This equation will hold in any coordinate system. We will now pick a particular
coordinate system. Suppose « is not constant. Then there is a point my in M
such that do # 0 at m,. Thus o,g”" will be a nonzero vector at mg. We now
use [2.1] by taking v = oy,g"". Since R is broad there is a w and x such that

{R(W’ x)l), st} (2.7)
is independent. Thus there is a coordinate system in which
2. w 2. 9 R( (see footnote 1) (2.8
ox! o s W x) 8)

Now in this coordinate system we will use the previous equation with

i=1 k=2 =3 m=i=4 (2.9)
We find
0=0,8”"R3 (2.10)
but
) 2 @ )
o K (a_ 5“) o8 R 2 @1

which implies a;pgp "R;”;, 21 = 1 # 0. This gives the desired contradiction.

[2.3] Corollary. Let R be as in [2.2]. There is a unique pseudo-metric con-
nection which has R as its curvature.

In order to illustrate the necessity of another condition than totality in
[2.2] we give the following example:

[2.4] Example. Let ds;? = e®* (dx® —dx'") and ds,? = 1/x° e (dx® —
dx!’). Then ds,? and ds,? have the same Riemann curvature and this curvature
tensor is total (Ré, 10=2). .

Having established the uniqueness theorem we may state an existence
theorem which is an easy consequence of this uniqueness theorem. First, a
technical lemma will be needed for the sake of mathematical completeness.

We need to know that if R,{jk are smooth functions then G(Rﬁ-fk) (see [5.3])
will be smooth. This is not obvious from the formula for G since [5.2] (b) is
not smooth.

1 Given a set of j independent vectors v; at a point m ¢ expand this basis vj of Trm, (M).
Define the local chart ¢: R" - M by ¢(A)) = XD, (ZAvp). In this chart v; = 3/0x;.
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[2.5] Lemma. If R j; are smooth functions then so are the G(R} ;).

Proof. The distribution D generated by v, (defined in [5.2](e)) is smooth if
the Ri jik are smooth., This is a distributjon taking a point in space-time into
ana-1 dimensional subspace of an a dimensional normed vector space ([5.2]
(f)). Since D is smooth then D* = {v/(v, D) = 0} will be smooth, and so D* N
{v/(v, v) = 1} will be also smooth. Now (see [5.2])

D N {vf(v,v) = 1} = {tw](w, w)'/?} (2.12)

so that w/(w, w)!/2 will be a smooth function of R,{ jk in any simply connected
region of M. Since smoothness is a local concept w/(w, w)/2? will be smooth.
Thus the projections

Gy(R) = (w/(w, w)'/%, x;) (2.13)

will be smooth functions.
Now for some notation.

[2.6] Definition. Let R be a rank (3, 1) tengor and let R be antisymmetric as in
[5.1]. Suppose G(R) is a pseudo-metric. Let « be a real valued function on the
manifold. Define

(D) PR! 1) =R jiein + RE njic ¥ RE ieni
(2) Fo, R) = —CluRE i + CBRp ik — CoiRE nj + CBRS i — ChiRE in +
+ CliRp, kn

where Cjy, = ka +oy j6ki + oy b — alng"igjk and I‘fk is the connection associa-
ted with G(R) considered as a pseudo-metric.

Notice F(a, R) = P(R) is a linear equation in «. This equation is in fact the
bianchi equations for the conformal factor e2* that must multiply G(R) in
order to obtain a pseudo-metric with curvature R. Now we present our theorem.

[2.7} Theorem. Let R be a rank (3, 1) tensor and let R be antisymmetric as
in [5.1]. Suppose R is both total and broad ({5.1] and [2.1]) and dim M > 4.
Then R is the curvature tensor of a pseudo-metric of a given signature s if and
only if

(a) G(R) has signature s.
{b) The linear equation (see [2.6])
e, R) = P(R)
has a solution for a.

(¢) Riem (¢?*G(R)) =R
where Riem (pseudo-metric) is the Riemann curvature of that pseudo-
metric.
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Proof. Suppose R is the curvature of a pseudo-metric g. (a) must hold since
G(R) is conformally related to g of the proper signature [5.2]. As for (b) we
find in the proof of [2.2] that F(o, R) = P(R) is just the bianchi identity of g
if

g=e*G(R)

Again such an a exists by [5.2]. Now (c) is only the statement that g has R
for its curvature as we assumed.

Now let us assume (a), (b), (¢) hold. First of all G(R) will be a smooth
symmetric tensor by [2.5] (symmetry follows from the definition of G(R)).
(a) assures us that G(R) will be a pseudo-metric. (c) says that R is the curvature
of 2*G(R) which says that e>*G(R) is the desired pseudo-metric.

[2.7] reduces the existence problem of finding a g with a given curvature
to finding the solution to a given system of linear equations. If such a solution
does not exist, the g cannot exist. If a solution does exist then g will exist as
long as the consistency equation [2.7] (c) is satisfied. This equation involves
only the R ;‘,k once « is known. Thus the problem of existence is completely
solved once one can solve [2.7](b).

3. The Conformal Factor in Terms of the Holonomy Group

In this Section we will show that information about the holonomy group
will completely determine the conformal factor. The proof will be more
geometric in nature and will serve to explain why the proof of [2.2] involved
only the connection and not the metric. The holonomy group and the Riemann
Curvature are very closely related so that the results of this Section are con-
nected to those of Section 2. However the techniques are apparently quite
different. Thus this Section presents a different side to the uniqueness problem.

We will start the Section by establishing some notation.

[3.1] Notation. Let g be a pseudo-metric on M and 7 a path in M from ¥(0) to

y(1).
(a) Denote by ., T the map

+T:Ty(y(M) > Ty (a)(M)

where ., T(v) is the parallel transport of v along .
(b) Let %, = {v/v is a closed path from m to m (i.e. ¥(0) = y(1) = m) and y
is nufl homotopic}
where m € M.
(c) Let ¢,,, denote the identity component of the holonomy group at m, i.e.
Om = {yT/YELm}
(d) Denote by H the map
HY, > om
H(=,T
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Now that we have the necessary notation for parallel transport and holonomy
we just need some notation for how to combine paths together.

[3.2] Notation. Let v; be a path from v,(0) to y{(1) fori=1, 2.
(a) If v, (1) = v,(0) then define y, *y; to be the path created by first following
7v: and then v,, i.e.

v(2H,0<t<3
NO=| o d<i<d
Note
12*11(00=7:1(0,  12*v:(1)=72(1)
(b) Define 7, to be the path obtained by going backwards along v; from v;{1)
to v,(0), i.e.

V1@ =7, (1 — 1)
Some of the elementary properties of parallel transport are as follows.

([S).B]T()_b(ser;)a_tz;()n. (@) yy 2y, T= 4 Ty,
¥t T \y

Before giving our theorem we state a well known lemma from group theory.
For the sake of completeness we present a short proof of this lemma.

T

[3.4] Lemma. Let O(i, j) be a group that preserves a nondegenerate [ +J
dimensional form with signature  — j. Let 4 be any transformation such that

ABA™! = B for all B € 0(i, /).

Then A4 = al where a is some constant and / is the identity transformation.

Proof. Extend all transformations which act on R” to transformations that act
onC" in the natural manner. 4 must have a nontrivial eigenspace V correspon-
ding to eigenvalue a. Now 0(7,f): ¥ - Vsince if v € V and B € 0(i, /) we have

AB@)) = B(A(v)) = aB(v)

and B(v) € V. But the only two subspaces of C” fixed by 0(i, j) areC” and 0.
ThusC” = V which says 4 = al. ¢ is real since 4 was real.

We are now ready to present our theorem. If we have two pseudo-metrics
g and g with the same curvature and if that curvature is total then the two
holonomy groups ¢ and ¢ will be the same. However the map H and H may
not be (see [3.1](d)) as the example [2.3] illustrates. If H does equal & though,
then g must equal 2. We show this in the following theorem.

{3.5] Theorem. Let dim M > 1 and let g and g be two pseudo-metrics with the
same curvature R which is total. If H = H (see [3.1](d)) then g = kg where k is
some constant.
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Proof. We start by trying to find a relatlonship between the two different trans-
port laws , T and T corresponding to g and £. Let m be a fixed point and y
any path gomg to a point . Now if

a€Y,, then y*a*yc%,

We have H(a) = H(o) and H(y*a*y) = H(y*axy)
Thus

aT=a?
and
yToTy T = T, T, T
using {3.11(d) and [3.3]. Combining we find
(T DTGT D =,

Now {oT/0 € %, } = Hyy, Which is all of 0(j, k) since R is total. (R is total
means the 0(/, k) Win {5 1] and W is determined completely in terms of R).
Thus we may apply [3.4] to the above relation to find that

JT=a(),T &R

where a is some constant that depends on . We now show that « depends only
on the end point of y which is . Suppose y; and v, go from m, to m. Then

Y1*Y2 €L, (32
S0
G, D™ v, T=(y, n'y,T (3.3)
This leads to
€1 ot m et
2(—,},—1_5 Y1 1"/2T—71 TI'YZT (34)

which gives a(y,)/a(y{) = 1 as was desired. Clearly ¢ is a smooth function so
we find that the parallel transports are ‘conformally related.’” The rest of the
proof just establishes the fact that conformally related metrics cannot have
conformally related transport laws. Observe that g and g must be conformally
related because of [5.2]. One can see this directly without the use of [5.2] by
the following argument: Since @,,, = 0/, k), &m, = Ngm,, Where A is some
constant. Now let -y be any path from mz, to m and v, w be two vectors at m.

Em @, W) = By GTW), 5TW) = N o (a(m)3 7)), a(m)7T(w))
= M(1)? 81 GT @), 3T(W))
= na(m)?g,, (v, w) (3.3)
so §=\a’g.
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Now we assume g;j = €°%g;; so that
Dix =Tjx + ;6% +0y18) — ng™ginc (3.6)

We also assume T BT, so that if vt is a parallel vector field along 7y then
B! will be parallel along vin T'. The two equations expressing the parallelism
are

Yol + T =0 (3.7

and

1.

3 F(B" ) + T’ = (3.8)
Subtracting these two equations we find

G (in B ) + (o7 + ()7 + alngnkvi’i‘jgij = (3.9

Using this equation we will show a;; = 0 at every point 7 in M. Thus o will be
constant as desired. Suppose aj; # 0 at some pomt m. Then g ]g‘f will be a
nonzero vector. Thus there is a non-null vector v’ at m such that

Oqﬁoqjgﬁvkgik = Ollil)k (310)
There is another non-null vector w¥ such that
w vg,k—O (3.11)

since v/ is non-null. Now let ¥ be any curve with tangent w! at m. Let v/ be
defined on this curve as the parallel transport of o/ at m along the curve. Thus
the above equation holds for w/ =47 and

0= (np); + ali’)"i)vkwlgkl + (lean)vingij
= (al ivi)WkWngl
= (a‘,-v")wkwlgkl (3.12)

but w*w'ge, # 0 since wk was non-null and so oyv’ = 0 giving our needed
contradiction.

The basic idea of this proof is that H partially determines the metric and
partially determines the connection. Then it is seen that oniy one metric will
satisfy both of the limitations. Thus, when workmg with Rl}  as in Section 2
one would first look for a way to determine l"‘,, The only identity involving
the Riemann tensor and the connection is the Bianchi identity invoiving
covariant derivatives. Thus it would seem reasonable that one should work
with this identity to get a complete uniqueness theorem, and in fact this
approach did work although it seems necessary to have the extra restriction on
R givenin [2.2].
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4. Discussion

In this Section we would like to discuss the significance the preceding work
has in general relativity from a philosophical point of view. A fundamental
problem in the general theory since it first was proposed has been that it does
not seem to be compatible with Mach’s principle. There are many aspects to
Mach’s principle. Let us first consider the particular aspect that is relevant to
the results we have obtained here; we will then consider Mach’s principle from
a broader point of view.

Let us suppose that we are given a test particle in a completely empty
universe with no gravitation field and asked how this particle will move. One
might at first say the particle will move in a straight line as would be demanded
in the Minkowskian model. However a “rotating” metric

ds? = —dt? +dR? +R2(d6 + 6, df)? +R*(sin(0 +104))* d¢* (4.1

also has no gravitational field. This metric will have Coreolus forces and
particles will not travel in straight lines. How does one choose between these
two different situations? Another way of looking at the problem is as follows:
In order to describe the motion of the particle we must first establish a co-
ordinate system. Once having established a system how do we determine if we
have picked an “inertial” system, a “rotating’ system, or some other entirely dif-
ferent system? Since we have no physical information to draw upon, there can
be no way of resolving the problem. This poses a dilemma which can be formu-
lated in the following mathematical way. There are gravitational fields (in this
case Rfjk = 0) which are compatible with more than one force law for the
motion of particles (i.e., more than one connection). How does one choose the
force law when all that one really has at one’s disposal are the gravitational
fields?

Finstein dealt with this problem by making the following observation. The
problem with our example is that a completely empty space is a physically
impossible situation. In any realistic situation one must have matterin the
universe and using this matter one can decide which frames are inertial and
which are not. This idea translated into mathematical language would say that
if one restricts oneself to gravitational fields that are “sufficiently non-zero”
then there will in fact be a unique force law that corresponds to that field.
This is nothing more than a part of Mach’s principle which says that the physics
of the universe is determined by the matter in the universe (and thus by the
gravitational fields also since they determine the matter distribution of the
universe via Einstein’s equations). [2.3] is a theorem which in fact gives con-
ditions on R which assure that I" will be unique. These conditions are very
general and it seems they will be satisfied as long as the space-time is not
allowed to be too empty. Thus this theorem says that by restricting ourselves
to a class of realistic models this aspect of Mach’s principle will be satisfied.

Let us now make a precise list of several aspects of Mach’s principle and
review their status. The first principle is the one that is the general principle
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we wish to consider. All the other principles can be considered as steps towards
this principle. This principle says that the mass distribution of a universe com-
pletely determines the physics of the universe:

[4.1] Definition. Mach’s principle 1 (Mach 1) applies to a class of space-times
%if for any two space-times in € that have the same energy tensor Tj; will
also have the same connection I‘,?,‘- .

The principles that build up to this one may be listed as follows:

[4.2] Definition. Mach’s principle 2 (Mach 2) applies to % if any two space-
times in % with the same Rﬁjk have the same I’,’}’

[4.3) Definition. Mach’s principle 3 (Mach 3) applies to € if any two space-
times in € with the same T3 have the same Rk .

[4.4] Definition. Mach’s principle 4 (Mach 4) applies to % if any space-time
in% with R;; = 0 satisfies Rjjx = 0.

in order to make Mach’s principle more compatible with general relativity
one must look for a class % of space-time that has Mach 1 and contains enough
space-times to make reasonable physical models.

Here we have given such a theorem for Mach 2. The restriction on spacetimes
in this case seems to be so mild that this theorem will probably be adequate
for Mach 2. In Thrig, (1975) we gave a theorem for Mach 4 (see Ozsvath, (1962)
for examples of spacetimes that do not satisfy Mach 4).

In this theorem %is taken to be a subclass of the periodic spacetimes (see
Thrig and Sen, 1974) which is a very restricted class (although sufficiently large to
satisfy some physically desirable properties). There is work still left to be done
to try to expand the € for Mach 4.

However the most important unsolved (and largely unconsidered) problem
is Mach 3. One would hope that the class® for Mach 4 would be sufficiently
restrictive for Mach 3, but this problem remains unsolved.

5. Appendix

Here we would like to recall some notation and results (Thrig, 1975a). First
we establish notation for the Riemann tensor. We take

R(x,y)z =DyDyz —DyDyz — Dy |2 (5.1)

In (Thrig, 1975a) we defined R}; 5 by

0 0 0
FYRAN E A N 5.
0k ax! R(Bx’ ’ ax’) oxk :2)
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since R,, x was only considered as a matrix with indices/ and & (7 and j being
fixed). Since the R,] & is not uged here in this way we will return to the
standard notation

Rl 5??=R(—£7,5%;) 5%; (5.3)
We also use
Fy;= —a~;-F (5.9
ox

where F'is any function. If T is a tensor then
T“,-: Da/axiT (55)
Now we will state the definition and theorem we use:

[5.1] Definition. Let R be a tensor of rank (3, 1) and let R be antisymmetric
in two indices:

Ry, w) = —R(w, v)
Then R is called total at m if
{Ryp (v, Wv,we T, (M)} =

generates a vector space of dimension n(n — 1)/2 where n = dim M.

[5.2] Theorem. Let R be the Riemann tensor of some pseudo-metric. If R is
total at m then gj; is determined to within a conformal factor at m by the
following equations (x;; are independent variables).

(a) Agy = (w, x)/(w, w)'/?

b =(n — 3/2
®w= > w, {" (=L
a=a+l b=a+n(n+1)/2
(C) Wqo = "—V—a/(wae V—‘Em)”2 ifwe #0
We =0 ifwe=0

(d) Wo =00 — 2 (va, Wﬁ)wﬁ
g

i ,pl’
X1 Ri, i T X1 Riy a<a

vy =

) (xiljl ’ xiziz) = 81'11'261'11'2
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[5.3] Notation. Let R be as in the above theorem. Let
Agij = G(R)

which is determined by the above prescription.
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